This paper investigates reliability based design optimization (RBDO) using response surface approximations (RSA) 1,2 for multidisciplinary design optimization (MDO). In RBDO the constraints are variational (reliability based) since the design variables and the system parameters can have variation and can be subjected to uncertainties 18 . For these problems the objective is to minimize a cost function while satisfying reliability based constraints. This class of problems is referred to as reliability based multidisciplinary design optimization (RB-MDO) problems 5 . The reliability constraints, which can be formulated in terms of the reliability indices or in terms of the probability of failure, themselves represent an optimization problem and can be very expensive to evaluate for large scale multidisciplinary problems. Response surface approximations of the constraints are used in estimating the reliability indices or probability of failure when solving an approximate optimization problem using FORM. In this research RSAs are integrated within RBDO to significantly reduce the computational cost of traditional RBDO. The proposed methodology is compared to traditional RBDO in application to multidisciplinary test problems, and the computational savings and benefits are discussed.
Introduction
In deterministic multidisciplinary design optimization, the designs are often driven to the limit of the design constraints (active constraints at the optimum). These designs may be subject to failure due to inherent uncertainties that exist both in the mathematical modeling and simulation tools and the variability in physical quantities of the actual artifact. Optimized designs determined without due consideration of variability can be unreliable leading to catastrophic failure. However, the existence of physical uncertainty and model uncertainty requires a re-liability based design optimization (RBDO) to be taken into account. The uncertainties include variational uncertainty and simulation based uncertainty. Variational uncertainty is mainly associated with the randomness of physical quantities and can be easily modeled mathematically by statistical means i.e., by using probability and cumulative density functions. Model and simulation uncertainties are difficult to characterize and have to be modeled using other means such as possibility theory or fuzzy sets etc 18 because of a lack of knowledge. In this paper only variational uncertainty is treated within the RBDO framework. In future we plan to incorporate the effects of other types of uncertainty in RBDO.
Literature Survey
Recently greater emphasis has been given to the development of procedures that combine multidisciplinary design optimization techniques with probabilistic analysis/design methods. Many new methods have been suggested by researchers for RBDO, such as the performance measure approach (PMA) and the reliability index approach (RIA). In the context of PMA and RIA, several tools for probabilistic constraint evaluation have been developed such as the advanced mean value (AMV) method, the conjugate mean value (CMV) method, the moving least square (MLS) method and the hybrid mean value (HMV) method 3, 4 . A framework for reliability based MDO has been suggested by Sues et. al. and kodiyalam et. al 5, 6, 12 . Pettit and Grandhi have implemented a multidisciplinary optimization approach for the design of aerospace structures for high reliability 7 . Haftka et. al. have used response surface approximations for the reliability-based optimization of composite laminates 8 .
Background
Most engineering design problems require that designers satisfy constraints imposed on the systems performance. A design problem that consists of just one discipline is called a single discipline problem. When many disciplines (structures, controls, aerodynamics, etc) interact with each other, the problem becomes a multidisciplinary problem. In general, a deterministic multidisciplinary optimization problem can be formulated as follows.
In today's competitive marketplace, it is very important that the resulting designs are reliable. Optimized designs without considering the variability of design variables and parameters can be subjected to failure in service. In RBDO, the constraints are reliability based and the objective function is performance based. The reliability based multidisciplinary optimization problem in terms of RIA can be formulated as follows.
Here the constraints which are formulated in terms of reliability indices β i are obtained as follows.
minimize :
The transformation of the random variables space z to the independent standard normal random variables space u can be obtained in general using the Rosenblatt transformation 14 . The probability of failure of the system (P f ) system can be estimated from the unimodal upper bound i.e., ∑
, where l is the number of limit states (reliability based constraints). For a better estimate of the probability of failure, bimodal upper bound can be used 10, 14 .
Proposed Methodology
An overview of the proposed methodology for solving RBMDO problems is summarized in Figure 1 . In traditional RBDO, the constraint values are obtained by solving an optimization problem (Equation 3). This sub-level optimization has to be solved many times in RBDO. This requires many system analysis calls, which can be very expensive especially for large scale multidisciplinary problems. To reduce this, we approximate the reliability based constraints by fitting a second order response surface approximation for each constraint. The second order response surface approximation is constructed in the standard normal space u only. Sampling is done around the mean values of the random variables Figure 1 . Reliability Based Design Optimization Flowchart z in order to fit the approximation. Thus an approximate problem is solved for each constraint evaluation as follows.
To solve the optimization problems (Equations 3 or 4), is a challenge in itself. Various algorithms have been reported in the literature for solving the above mentioned problem. Kiureghian et. al has reported a list of algorithms to solve this problem 21 . We have used a MAT-LAB SQP optimizer to solve this problem.
Test Problems and Results
The proposed methodology is implemented in application to test problems. A small analytic problem and a multidisciplinary structural design test problem are used.
Modified Barnes Problem
This is a purely analytical two-dimensional problem and it was originally formulated by G.K. Barnes as part of his Master's Thesis 22 . We have chosen this as a test problem to illustrate the usefulness of the proposed methodology. This is a highly nonlinear problem even though it is just a two-dimensional problem. The problem is stated as follows.
Minimize :
f 
The coefficients a in the objective function are constants and their values is listed in Appendix. The reliability indices to evaluate the reliability based constraints g R i , i = 1, 2 are found as follows.
The states are calculated as follows.
CA 2 :
Note the mapping that the variables and parameters have to undergo as we move from the design space to the random variable space. In the design space the terms 
Results for Modified Barnes Problem
The deterministic optimum is chosen as the starting point for the RBDO. A performance comparison of using RBDO with the actual constraints and using response surface approximations of the constraints in standard normal space is carried out. The required value of the reliability index for each of the reliability based constraints is chosen as 3.0. The results are outlined below. Optimization is carried out using MATLAB's sequential quadratic programming (SQP) optimizer. The objective function at the reliable optima is higher than the deterministic optima. This is expected for a design which is more reliable. We observe that the reliable optima obtained using actual constraints and using the RSA of constraints are different. Also note that in this two dimensional small problem there is no savings in time. This is because the amount of time spend in solving for the coefficients of the response surface (i.e, for building the approximation), is more than that for evaluaion of the constraint itself. But there is a savings in the number of evaluations of the constraints. Figures 2, 3 are the convergence plots for the modified barnes problem using the actual constraints and the approximate constraints. The 4 American Institute of Aeronautics and Astronautics reliable design that is obtained from RBDO using the RSA of constraints does not violate the actual reliability based constraints. In the case where they are violated due to approximation error, an RBDO using the actual constraints, could be initiated at the reliable RSA optima x rsa .
HPLC Structure
A high performance low cost (HPLC) structural design problem that was first introduced as a multidisciplinary design optimization (MDO) test problem in Wujek et al 15 is used for additional testing of the RBDO method. The system is illustrated in figure 4 A 10 ) make up the final category of design variables since sizing is one of the main design considerations (see figure 4) . In all seventeen design variables are defined for this problem. A problem with such large dimensionality is chosen to test the effectiveness of the suggested approach, to investigate the computational savings and to see whether the reliable optima obtained using RSA is practical.
The objective is to find the size and shape of the truss such that the weight (W tot ) of the structure is a minimum (low cost) and the loads (P i ) it is capable of sustaining and the payload (M i ) it carries are a maximum (high performance). This multi-objective problem can be formulated in a single objective problem by defining a cost-performance index (CPI) which includes each of the objectives. The design is subject to minimum payload and load requirements as well as yield stress and first natural frequency constraints. A total of 13 inequality constraints are defined for this problem. In standard form the deterministic system optimization problem is:
Subject to :
where : w 1 = .003, w 2 = 10 6 , w 3 = 3.5X10 6 (M tot ) min = 5000 lbs, (P tot ) min = 100, 000 lbs ω 1,min = 2.0 Hz, σ yield = 14, 000 psi
The coefficients w i in the objective function are introduced to scale the separate components so that no one component dominates the others in driving the optimization. The yield stress of 14,000 psi is based on the choice of aluminum as the material for the structure. The loads (P i ) applied to the structure are defined to be a function of the lengths of the bays (L i ) and the payload masses (M i ) placed on the structure as shown in Equation 11 .
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This is similar to an aeroelastic structure in which the loads incurred are dependent on the size and shape of the structure. The coefficients (a, b, c and d) in equation 11 are chosen so as to apply greater emphasis to the effect that certain lengths or masses have on the given loads. They are listed in the Appendix.
Deterministic Design Optimization
The deterministic optimization was run with the initial design of L i = 360 in., M i = 1500 lbs and A i = 12 in 2 (for all i). The results are tabulated in Table 3 . Note that the constraints g 3 , g 4 , g 5 and g 6 are active at the solution. To carry out the RBDO, the deterministic optimum design point is chosen as the starting point.
Reliability Based Design Optimization
In reliability based design optimization, it is impractical to carry out the sub level optimization (Equation 3 ) for all the constraints. This is illustrated in the two cases that follow. We actually need to consider only the constraints that are active or nearly active and evaluate the reliability index for only those constraints. In addition significant time is saved if the deterministic optimum design is used as starting point for RBDO.
Test Case : 1
Material properties such as density, young's modulus and yield stress (parameters in actual design space P x ) are chosen to have randomness. The set of basic random variables and their mean and coefficient of variation are shown in Table 4 . The coefficient of variation have been chosen arbitrarily for this test case. All random variables have been assumed to be lognormally distributed and are statistically independent. The second order response surface is constructed in the standard normal random variable space at each step of the upper level optimization iteration. In the reliability space the design variables x 1 to x 17 are constant parameters p z .
It is observed in the deterministic optimization that the constraints 3,4,5 and 6 are critical (active). So in this test case they are treated as the failure driven constraints. The reliability indices are calculated using Equation (3) for the active constraints (see Table 3 ). The active constraints in this case are the first frequency constraint and the first 3 stress constraints. Once the reliability indices are found, the reliability constraints are evaluated using Equation (2) . The results are listed in Table 5 MATLAB's optimizer is used for both upper and lower level optimization. The reliable optima is higher than the deterministic optima. It is observed that the value of the payloads have gone down and that of the areas have gone up. This is expected for a more reliable structure in which the areas of elements are larger and the payloads are reduced so that the structure is subjected to less stress and hence is more reliable. The reliable optima obtained using RSA is better than the one obtained using actual RBDO. This design is used to evaluate the actual RBDO constraints. They are listed in the last column of Table 5 . We observe that the actual constraints are satisfied. Note the significant savings is computational time. The time taken in RBDO using RSA of constraints is one-eighth of the time required for the actual RBDO.
Test Case : 2
The random variables are same as in Case 1. Now all the constraints that actually depend on the random parameters are chosen as reliability based constraints. So there are 11 reliability based constraints in this test case i.e., the first frequency constraint and all the stress constraints. The results are listed in Table 6 .
We observe that the reliable optima obtained using actual RBDO and using RSA in RBDO has a higher merit function value than that in case 1. This is expected since there are more reliability based constraints in case 2. The time taken in case 2 for actual RBDO is about 3.3 times more than that in case 1. We do not observe significant difference in time for RSA in RBDO in two cases because the system analysis gives the value for all the constraints at any given sampling point. The reliable design that is obtained from RBDO using RSA doesn't violate the actual reliability based constraints. 
Summary and Conclusions
In this study a new methodology for the reliability based design optimization (RBDO) of multidisciplinary systems is proposed. The methodology makes use of response surface approximations (RSA) to significantly reduce the computational cost of RBDO. The evaluation of reliability based constraints requires solution of a sublevel optimization for each constraint which makes implementation of RBDO impractical for multidisciplinary systems. The use of response surface approximations within the sublevel optimization of RBDO can significantly reduce the computational cost of performing RBDO. The proposed methodology (Figure 1 ) of building response surface approximations of constraints in standard normal space has been implemented in application to two test problems and the results are presented. Significant savings in computational time is observed in application to a multidisciplinary problem such as the HPLC structure where the design variables and the states are part of three different disciplines (configuration, structures, dynamics). The results provided for the test problems give reliable optimas that do not violate the actual reliability based constraints. Future studies will address other types of uncertainty such as the epistemic uncertainty in the reliability based design optimization framework. Mathematical theories available for representation of uncertainty are, for example, evidence(Dempster/Shafer) theory, possibility theory, fuzzy set theory and imprecise probability theory. 
